18. Driven Oscillator
Michael Fowler (closely following Landau para 22)

Consider a one-dimensional simple harmonic oscillator with a variable external force acting, so the
equation of motion is

X+o’x=F(t)/m,
which would come from the Lagrangian
L =1mx* —Lkx* + xF (t).
(Landau “derives” this as the leading order non-constant term in a time-dependent external potential.)

The general solution of the differential equationis X = X, + X, , where X, = aCOS(a)t + a) , the

solution of the homogeneous equation, and X, is some particular integral of the inhomogeneous

equation.

An important case is that of a periodic driving force F (t) =f COS(}/'[ + ,B) A trial solution

X (t)=bcos(yt+ f) yields b= f /m(a)z—yz) so

x(t)=acos(at+a)+

;2)008(7'[+ﬂ).
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But what happens when ¥ = @ ? To find out, take part of the first solution into the second, that is,

x(t)=a'cos(at+a’)+

P [cos(yt+ B)—cos(at+p)].

The second term now goesto 0/0 as ¥ — @ , so becomes the ratio of its first derivatives with respect

to @ (or, equivalently, ).

f .
t)=a’ t N+ ——t t )
x(t)=a'cos(w +a)+2ma) sin(wt+ f3)

The amplitude of the oscillations grows linearly with time. Obviously, this small oscillations theory will
crash eventually.

But what if the external force frequency is slightly off resonance?

Then (real part understood)

X = Ag'* + Be'(“*o)t = (A+ Bei“)e‘”’t, A=ae", B=be”



with a, b, , S real.
The wave amplitude squared

oF =|A+ Be| = a2 +b? +2abcos(et+ - a).

We're seeing beats, with beat frequency £. Note that if the oscillator begins at the origin, X(t = 0) =0,

then A+ B =0and the amplitude periodically goes to zero, this evidently only occurs when |A| = |B|

Energy is exchanged back and forth with the driving external force.

We'll derive a formula for the energy fed into an oscillator by an arbitrary time-dependent external
force.

The equation of motion can be written

%(X +iox)—io(X+iwx) = % F(t)

and defining & = X + iwX, this is
d&/dt—iwé=F(t)/m.

This first-order equation integrates to

£(t)=e™ (ji F (t)e ™ dt + goj
o M
The energy of the oscillator is

E=1m(¥ +o’x*)=1m|g
So if we drive the oscillator over all time, with beginning energy zero,
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This is equivalent to the quantum mechanical time-dependent perturbation theory result: &,&" are

equivalent to the annihilation and creation operators.

The linear damped driven oscillator:

X+2Ax+agx =(f /m)e.



(Following Landau’s notation here—note it means the actual frictional drag force is 2Amx)
Looking near resonance for steady state solutions at the driving frequency, with amplitude b, phase lag
O, thatis, X(t) = bei(QM), we find

be” (-Q° +2i4Q+ @} ) =(f /m).

For a near-resonant driving frequency €2 = @, + &, and assuming the damping to be sufficiently small

that we can drop the e4 term along with g’ , the leading order terms give
i ;
be” =—f /2m(e—il)a,,
so the response, the dependence of amplitude of oscillation on frequency, is to this accuracy

f f
Zma)o\/(Q—a)o)2 27 2mapet+ AP

b=

(We might also note that the resonant frequency is itself lowered by the damping, but this is another second-order
effect we ignore here.)

The rate of absorption of energy equals the frictional loss. The
b friction force 2AMX on the mass moving at X is doing work at
a rate:

2Amx% = Amb2Q2.

The half width of the resonance curve as a function of driving
£

frequency Q is given by the damping. The total area under
w, Q w the curve is independent of damping.

For future use, we’ll write the above equation for the
f2
amplitude as  b? (82 + /12) =—.
Am‘w,

The Excel spreadsheet for a driven damped oscillator | showed in class can be downloaded here.


http://galileo.phys.virginia.edu/classes/152.mf1i.spring02/DampedDrivenOsc.xls
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